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We propose a relativistic model for ,cs with the combination of an anisotropic pressure corre-
sponding to normal matter and a quintessence dark energy having a characteristic parameter ωq
such that −1 < ωq < −
1
3
. We discuss various physical features of the model and show that the
model satisfies all the regularity conditions and can provide stable equilibrium configurations.
PACS numbers: 04.40.Nr, 04.20.Jb, 04.20.Dw
I. INTRODUCTION
Compact objects are of great interest for a long
time. Theoretical analysis of superdense stars have been
done by several authors [1–10]. Ruderman[11] show
that nuclear matter may have anisotropic behaviors
at a very high density(∼ 1018 Kg/m3). Consideration
of an anisotropic behavior of the compact star leads
to a realistic situation[12, 13]. Anisotropy in matter
implies radial pressure(pr) is not equal to the tangential
pressure (pt). As the density of a strange star exceeds
the nuclear density, it is obvious that the pressure at
the interior should be anisotropic [15, 18, 26]. It may
occur for various reasons like existence of solid core,
phase transition, presence of electromagnetic field etc.
In recent past, L.Herrera and N.O. Santos [19] provided
an exhaustive review on the subject of anisotropic fluids.
More recently a comprehensive work on the influence
of local anisotropy on the structure and evolution of
compact object has been studied by L. Herrera et. al [20].
In recent WMAP measurement conclude that 73% of
the universe is dark energy [16, 17]. Dark Energy theory
is the most accepted one to explain the acceleration of
the universe. It has some peculiar properties such as
negative pressure and violation of the energy conditions.
Current experimental data shows that pressure to
density ratio ω is in the range −1.38 < ω < −0.82.
In the present work, we consider models of compact
stars containing not only ordinary matter but also a
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quintessence matter having a characteristic parameter
ωq such that −1 < ωq < −
1
3 . The presence of dark
energy motivates us to consider the existing strange stars
are a mixture of both ordinary matter and quintessence
matter in different proportions. The study of such kind
of mixed matter is now an interesting problem and some
works has already been done on this direction[1, 7, 8, 21].
Some important works was carried out with Krori
and Barua [14] (KB)metric by Rahaman et al. [1] for
singularity-free dark energy stars which represents an
anisotropic compact stellar configuration.The same KB
spacetime was used to study the strange stars by using
the cosmological constant as a dark energy source by
Kalam et al. [3] and Hossein et al.[4]. Moreover by using
the same metric Kalam et al.[6] presents a interesting
anisotropic strange star model.The beauty of the model
is that the interior physical properties of the star solely
depend on the central density of the matter distribution.
We would like to mention here the very recent work of
Kalam et al. [5] where the authors have proposed a model
for strange quark stars within the framework of MIT
Bag model in Finch and Skea metric[22]. F.S. Lobo[7],
R. Chan et al.[21], Egeland[9], Dymnikova[10] and many
more have also studied stellar structure in different ways.
As mentioned above basically we have considered here
a two fluids model for compact star with quintessence
dark energy as one of the ingredients. Here we consider
the same Finch and Skea metric and the solution satisfies
all the energy conditions including TOV-equations. We
also check the mass-radius relation, stability and surface
red-shifts for our model and found that their behavior is
well behaved.
The plan of the present paper is as follows: In Sec II
2we have provided the basic equations in connection to
the proposed model for strange star of Finch and Skea
metric.In Sec. III we dealt with the physical behavior
of the star. Anisotropic behavior, Matching conditions,
TOV equations, Energy conditions, Stability and Mass-
Energy relations are discussed in different Sub-sections.
Concluding remarks are made in Sec. IV.
II. QUINTESSENCE STAR MODEL
We assume that the interior space-time of a
quintessence star is described by the metric
ds2 = −eν(r)dt2 +
(
1 +
r2
R2
)
dr2 + r2(dθ2 + sin2θdφ2),
(1)
where the metric function ν(r) is yet to be determined
and R is a constant. Consideration of such a space-time,
describing a paraboloidal geometry, is not new in the
analysis of relativistic compact stars[22].
Now we consider a compact star which contains a
quintessence field and a normal matter producing an
anisotropic pressure. Therefore, the Einstein equations
can be written as
Gµν = 8pi(Tµν + τµν), (2)
where τµν represents the energy momentum tensor of the
quintessence-like field, which is characterized by a free
parameter ωq with the restriction −1 < ωq < −
1
3 . Ac-
cording to Kiselev [23], the components of this tensor
necessarily satisfy the conditions of additivity and lin-
earity. Considering the different signatures used in the
line elements, the components can be stated as follows:
τ tt = τ
r
r = −ρq, (3)
τθθ = τ
φ
φ =
1
2
(3ωq + 1)ρq. (4)
However, the most general energy momentum tensor
compatible with spherical symmetry is
T µν = (ρ+ pt)u
µuν − ptg
µ
ν + (pr − pt)η
µην (5)
with uµuµ = −1.
Einstein’s field equations for the metric (1) accordingly
are obtained as (c = 1, G = 1)
8pi(ρ+ ρq) =
1
R2
(
3 +
r2
R2
)(
1 +
r2
R2
)−2
,(6)
8pi(pr − ρq) =
(
1 +
r2
R2
)−1 [
ν′
r
+
1
r2
]
−
1
r2
,(7)
8pi
(
pt +
(3ωq + 1)
2
ρq
)
=
(
1 +
r2
R2
)−1 [
ν′′
2
+
ν′
2r
+
ν′
2
4
]
−
1
R2
(
1 +
r2
R2
)−2 [
1 +
ν′r
2
]
.(8)
To solve the above set of equations, we assume that the
radial pressure of the stellar body is proportional to the
matter density, i.e.
pr = mρ (9)
where m (> 0) is the equation of state parameter.
Now, from the metric(1) and equations (6)-(9), we get
ν =
m
2
[
2ln
(
1 +
r2
R2
)
+
r2
R2
]
+ ln
(
1
R
)
+
r2
2R2
−8pi(1 +m)
∫
r
(
1 +
r2
R2
)
ρqdr, (10)
Now, we take the quintessence field as
ρq = A(2b− r)e
r (11)
where A is a constant of dimension Length−3 and b is
the radius of the star.
Although the quintessence field has a repulsive nature,
the real matter at the interior region of the stellar body
dominates. When we go beyond from the centre of the
star then quintessence field gradually increases. However,
up to the boundary real matter dominates and stabilize
the stellar structure (Fig. 1).
By taking the above consideration of the quintessence
field we get
ν =
m
2
[
2ln
(
1 +
r2
R2
)
+
r2
R2
]
+ ln
(
1
R
)
+
r2
2R2
+8pi(1 +m)Aer[(r2 − 2br − 2r + 2b+ 2)
+
1
R2
{r4 − 2(b+ 2)r3
+6(b+ 2)r2 − 12(b+ 2)r + 12(b+ 2)}] (12)
8piρ =
1
R2
(
3 + r
2
R2
)
(
1 + r
2
R2
)2 − 8piA(2b− r)er , (13)
8pipr =
1
R2
m
(
3 + r
2
R2
)
(
1 + r
2
R2
)2 − 8pimA(2b− r)er , (14)
8pipt =
(
1 +
r2
R2
)−1 [
ν′′
2
+
ν′
2r
+
ν′
2
4
]
−
1
R2
(
1 +
r2
R2
)−2 [
1 +
ν′r
2
]
−8piA(2b− r)er
(3ωq + 1)
2
(15)
3FIG. 1: Density comparison of real and quintessence matters
at the stellar interior.
III. PHYSICAL ANALYSIS
We note that the physical behavior of the star depends
on the constants R and ρq. Here, we need to put appro-
priate assumption to get the realistic model.In this sec-
tion we will discuss the following features of our model
:
A. Anisotropic Behavior of the star
From Eq. (13), the central and surface densities are
obtained as
ρ0 =
3
8piR2
− 2Ab,
ρb =
1
8piR2
(
3 +
b2
R2
)(
1 +
b2
R2
)−2
−Abeb
where we have assumed that b is the radius of the star
and density due to quintessence field at the centre of the
star, ρq = 2Ab. Therefore, We can say that
ρ0eff =
3
8piR2
> 0 (16)
and
ρeff =
1
8piR2
(
3 + r
2
R2
)
(
1 + r
2
R2
)2 > 0 (17)
Now, we check whether at the centre the effective matter
density dominates or not. Here, we see that
dρeff
dr
= −
r(5 + r
2
R2
)
4piR4(1 + r
2
R2
)3
< 0,
dρeff
dr
(r = 0) = 0,
d2ρeff
dr2
(r = 0) = −
5
4piR4
< 0.
Clearly, at the centre, the effective density of the star is
maximum and it decreases radially outward. Similarly,
from Eq.(7), we get
dpreff
dr
= −
mr(5 + r
2
R2
)
4piR4(1 + r
2
R2
)3
< 0 (18)
Here, again at the centre (r=0),
dpreff
dr
(r = 0) = 0
d2preff
dr2
(r = 0) = −
5m
4piR4
< 0
Therefore, at the centre, we also see that the effective
radial pressure is maximum and it decreases from the
centre towards the boundary. Thus, the effective energy
density and the effective radial pressure are well behaved
in the interior of the stellar structure. Variations of the
effective energy-density and effective radial pressure have
been shown in Fig. 2 and Fig. 3, respectively.
The anisotropic parameter ∆(r) = 2
r
(pt − pr) repre-
senting the anisotropic stress is shown in Fig. 4.
FIG. 2: Variation of the effective energy-density(ρ) at the
stellar interior.
B. Matching Conditions
Interior metric of the star should be matched to the
Schwarzschild exterior metric at the boundary (r = b).
ds2 = −
(
1−
2M
r
)
dt2+
(
1−
2M
r
)−1
dr2+r2(dθ2+sin2θdφ2),
(19)
Assuming the continuity of the metric functions
gtt,grrand
∂gtt
∂r
at the boundary, we get
4FIG. 3: Variation of the effective radial pressure (pr) at the
stellar interior.
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FIG. 4: Effective anisotropic behavior ∆(r) at the stellar
interior.
(
1 +
b2
R2
)−1
= 1−
2M
b
, (20)
ν(r = b) = ln
(
1−
2M
b
)
=
m
2
[
2 ln(1 +
b2
R2
) +
b2
R2
]
+ ln(
1
R
) +
b2
2R2
− 8pi(1 +m)Aeb[
(b2 − 2) +
1
R2
(
b4 − 2b3 + 12b− 24
)]
.(21)
From Eq. (20) , we get the compactification factor as
Meff
b
=
b2
2R2
(
1 +
b2
R2
)−1
. (22)
Equation (21) yields the value of unknown constant A
in terms of compactification factor, equation of state pa-
rameter and b, the radius of the star.
C. TOV equation
For an anisotropic fluid distribution, the generalized
TOV equation has the form
dpr eff
dr
+
1
2
ν′ (ρeff + pr eff ) +
2
r
(pr eff − pt eff ) = 0.
(23)
Following Leo´n [25], we write the above equation as
−
MG (ρeff + pr eff )
r2
e
λ−ν
2 −
dpr eff
dr
+
2
r
(pt eff − pr eff ) = 0,
(24)
where MG(r) is the effective gravitational mass inside a
sphere of radius r and is given by
MG(r) =
1
2
r2e
ν−λ
2 ν′. (25)
where eλ(r) = 1 + r
2
R2
which can be derived from the Tolman-Whittaker for-
mula and the Einstein’s field equations. The modi-
fied TOV equation describes the equilibrium condition
for the compact quintessence star subject to effective
gravitational(Fg) and effective hydrostatic(Fh) plus an-
other force due to the effective anisotropic(Fa) nature of
the stellar object as
Fg + Fh + Fa = 0, (26)
where,
Fg = −
1
2
(ρeff + pr eff ) [
m
R2
3r + r
3
R2
1 + r
2
R2
+
r
R2
−8piA(1 +m)er
(
2br − r2 +
2br3
R2
−
r4
R2
)
](27)
Fh = −
dpr eff
dr
(28)
Fa =
2
r
(pt eff − pr eff ) (29)
We plot ( Fig. 5 ) the behaviors of pressure anisotropy,
gravitational and hydrostatic forces at the stellar interior
of 4U 1820-30 which indicates the static equilibrium con-
figurations do exist in the presence of pressure anisotropy,
gravitational and hydrostatic forces.
D. Energy conditions
All the energy conditions, namely, null energy condi-
tion(NEC), weak energy condition(WEC), strong energy
condition(SEC) and dominant energy condition(DEC),
are satisfied. In our model, we get the following energy
conditions at the centre (r = 0) :
(i) NEC: p0 eff + ρ0 eff ≥ 0 ,
(ii) WEC: p0 eff + ρ0 eff ≥ 0 , ρ0 eff ≥ 0 ,
(iii) SEC: p0 eff + ρ0 eff ≥ 0 , 3p0 eff + ρ0 eff ≥ 0 ,
(iv) DEC: ρ0 eff > |p0 eff |.
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FIG. 5: Behaviors of pressure anisotropy, gravitational and
hydrostatic forces at the stellar interior of 4U 1820-30.
E. Stability
For a physically acceptable model, one expects that the
velocity of sound should be within the range 0 ≤ v2s =
(dp
dρ
) ≤ 1[26, 27]. In our case, we have
v2sr =
1
3
. (30)
We plot the radial and transverse sound speeds in Fig.6
which shows that these parameters satisfy the inequali-
ties 0 ≤ v2sr ≤ 1 and 0 ≤ v
2
st ≤ 1 everywhere within the
stellar object. We also note that v2st − v
2
sr ≤ 1. Since,
0 ≤ v2sr ≤ 1 and 0 ≤ v
2
st ≤ 1, therefore, | v
2
st−v
2
sr |≤ 1. In
Fig.7, we have plotted | v2st−v
2
sr |. According to Herrera’s
Herrera [26] cracking (or overturning) theorem, these re-
sults show that the star model is stable. [ Herrera’s Her-
rera [26] cracking (or overturning) theorem states that
the region for which radial speed of sound is greater than
the transverse speed of sound is a potentially stable re-
gion. ]
F. Mass-Radius relation
In this section, we study the maximum allowable mass-
radius ratio in our model. According to Buchdahl [24],
for a static spherically symmetric perfect fluid allowable
mass-radius ratio is given by 2M
R
< 89 for a more gener-
alized expression for the same see mass in terms of the
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FIG. 6: Variation of the radial and transverse sound speed
of 4U 1820-30.
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FIG. 7: Variation of v2st − v
2
sr of strange star 4U 1820-30.
effective energy density ρeff can be expressed as
Meff = 4pi
∫ b
0
ρeff r
2dr =
b
2
[
b2
R2
1 + b
2
R2
]
(31)
We note that a constraint on the maximum allowed
mass-radius ratio in our case is similar to the isotropic
fluid sphere, i.e., mass
radius
< 49 as obtained earlier. The
compactness of the star is given by
u =
Meff (b)
b
=
1
2
[
b2
R2
1 + b
2
R2
]
(32)
The surface red-shift (Zs) corresponding to the above
compactness (u) is obtained as
1 + Zs = [1− (2u)]
− 1
2 , (33)
where
Zs =
√
1 +
b2
R2
− 1 (34)
Thus, the maximum surface red-shift for the quintessence
anisotropic stars of different radius could be found very
easily ( Fig. 8 ).
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FIG. 8: Variation of the red-shift function of strange star 4U
1820-30
IV. CONCLUSION
In the present work, we investigate the nature of
the quintessence type star by taking the Finch-Skea
metric which describes the paraboidal geometry. In
general compact stars, due to their high density, be-
comes anisotropic in nature. That’s why we consider
the anisotropic behavior of the star to make more
generalized model.As the structure of these star are
till not known, we assume that the interior stellar
structure may constituted not only ordinary matter
but also with a quintessence dark energy having a
characteristic parameter ωq such that −1 < ωq < −
1
3 .
The quintessence dark energy seems to be responsible
for the accelerated expansion of the universe, therefore,
inclusion of the quintessence dark energy in the interior
of the highly compact stars is justified. The presence
of dark energy motivates us to consider the existing
strange stars are a mixture of both ordinary matter
and quintessence dark energy in different proportions.
We all know that quintessence has a repulsive nature.
But, the real matter at the central region of the stellar
body dominates to make the effective energy density to
be positive. But when we go beyond from the centre
of the star then quintessence field gradually increases.
However, up to the boundary real matter dominates
and stabilize the stellar structure. In conclusion, we can
say that incorporation of quintessence matter with the
real one describes the well-known compact stars (e.g.
neutron stars,white dwarf stars, 4U 1820-30, Her X-1,
SAX J 1808.4-3658 etc.) in a good manner in all respects.
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